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where b is a boolean expression and






This means that our language for message-passing processes is extended in a functional
manner to allow abstractions over data domains, and the application of these abstractions
to data expressions. In this extended language Unique Fixpoint Induction is only applied
to abstractions and we show that restricted in this manner it is sound. Although this






our approach is to work modulo these evaluations. We also assume, for example, that
each expression e has associated with it a set of variables fo(e) such that if p and p’ agree
on fu(e) then p(e) = p'(e). If an expression e has no variables, i.e. it is closed, then p(e)
is independent of p and we use [e] to denote its value. For expressions of type bool we

use the suggestive notation b = b’ to indicate that for every evaluation if p(b) is true
then so is p(¥'). As a
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Figure 4: The New Inference Rules

out, and their elimination, which is allowed provided the definitions being eliminated do
not concern abstraction identifiers which occur in the conclusion. This is followed by
the UNFOLD rule, also discussed in the Introduction, and a version of Unique Fixpoint
Induction. Finally we have very standard rules for the introduction, application and
elimination of A-abstractions and -reduction.

As with the rules for process manipulation in Figure 3 these rules form a basis for
a proof system for manipulating abstractions and recursive definitions, and on top of
which more interesting rules can be derived. Two such examples are:

° 7 Fp da(Tx) =T
T=U
* A-cong Az = AzU

whose derivation we leave to the reader.
It is interesting to re-examine, in the light of these inference rules, the unsound
reasoning in the Introduction which leads to the false conclusion

Fp 2> 00 Pz) = Q(z)
where P, () are defined by
Pe)<= cla.cly.P(y) and Q)<= cl|z|c?y.Q(y)
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where D’ contains the definition of A. We can now apply A-I to reduce this to
For (AyA(y + 1))w = (Aycl(y +1).c?z. Ay + 2 + 1))w,
which by #-reduction reduces to
Fpr A(w+1) = (w4 1).c?z.A(w+ z + 1),

which follows in a straightforward fashion by an instance of UNFOLD and [-reduction.

This is a somewhat laborious derivation of a relatively simple result but many of the
proof steps are trivial applications of f-reduction and A-introduction and elimination,
which can be handled in a semi-automatic way in any implementation of the system. The
proof is however complicated by the fact that UFI can only be applied to abstractions,
in the sense that one of the terms in the conclusion must be an abstraction identifier.
But this restriction can be relaxed a little by using the following derivable proof rule:

IfE={X,<At(b; = T;) |1 <i<n}isaguarded declaration then

Fpug b > U = Xq(71)

UFI-O

where F; = \z;(b; = U;), 1 <1 <n.

Here the conclusion can involve an abstraction identifier, X; applied to a list of variables,
T1, which makes the rule much easier to use. In particular when all b; are true then the
rule reduces to L

UFI-O-t
Fpue U = Xq(71)

where F; = A7;U;, 1 <1 <n.
Now revisiting the proof above,

Aly+1) = Bly)
can be derived directly by one application of UFI-O-t from the judgement
Fp A(y + 1) = (cl(y +1).¢72.B(y + 2))[\yAly + 1)/ B,

i.e.
Fp Ay +1) = (y + 1).c?2. Ay + 1 4 2),
which follows immediately from UNFOLD and fg-reduction.

Propgosition 3.1 The proof rule UFI-O is derivable.

Proof: In this proof we assume some familiarity with the capabilities of the basic proof
system, that based on the process manipulation rules. All of the properties we require
are summarised in Proposition 3.2, stated below.

Suppose
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Figure 5: The Axioms A

Using elementary reasoning, as detailed in the just mentioned Proposition, this means
we can infer

Fp b — U =b — Ti[F/X], 1 <i<n.
By A-cong we have

Fp AT (b — Up) = A7i(b; — T[F/X]), 1 <1< n.
Since Fp AZ:(b; — Ti[F/X]) = \z;(b; — T;)[F'/X], applying UFI we obtain
Fpug AT1(by — Uy) = Xi.
Using A\-E, Proposition 3.2 and A-cong, we can derive X; = ATy (b; — X;(%1)). Hence
Fpug AT1(by — Uy) = AT1(by — X1(71))

Applying A\-E we obtain
Fpug i — Uy = by — Xq(T),

which, again using Proposition 3.2, gives

Fpug b > Uy = X4 (7).

as required. a

This new form of UFI does make the system easier to use but there is still an apparent
restriction to the application of UFI-O because conclusions must involve terms of the
form X (). As an example of where this might cause problems consider the following
definitions:

Alz) < (3z).A(x +2)
B({z) <« (22).B(x+3).

The two terms A(2x) and B(3x) are semantically equivalent but none of our versions of
UFT can be used to directly conclude

F A(2x) = B(3z).
However the way forward is to introduce a new definition
C(x) < cl(62).C(x+1)
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and to use two applications of UFI-O-t to establish
F A(2z) = C(x) and + B(3z) = C(x).

This is an instance of quite a general strategy which indicates the power of the derived
rule UFI-O.

In general the usefulness of our proof system depends on the equations which we
apply in the inference rule EQN. At the very least the equations in Figure 5 are necessary;
these characterise strong bisimulation equivalence for CCS. Let F% b1>T = U mean that
Fp b>T = U can be derived in the proof system using the equations A (the superscript
L stands for “Late”). The following are some simple yet useful facts about % whose

proofs can be found in [HL95a):
Progosition 3.2 [. FRb—= ¥V =T =bA0 T
2. FE T =T+ - T
3. b=V impliesFy b>T =4 — T
4. FEOAY T = U implies FE b> 0 — T =V — U
5 FE b (T+U)=b—-T + b U
6. Fhb—U + 0 -U=bVvl—U
7.0 fu(d) 0 bu(a) =0 then Fy b — o T =b— a.(b—T)

We end this section with another example where in addition the 7-laws of C'CS and
the Expansion Theorem, [Mil89], come into play. We take the version of the expansion
theorem from [HL95a] and list it in Figure 6. We will only need the first 7-law in the
example to follow:

T1 art ' =aT

We will also need two sound equations I[F-PAR and IF-RES, to distribute the parallel
and restriction operators over if _ then _ else






This can be achieved by using [F-PAR and IF-RES, as well as Proposition 3.2, to push
the parallel and restriction operators over if _ then _ else in the left hand-side of the
equation, followed by three applications of the expansion theorem and T1.

4 Soundness and Completeness

The soundness of the system is relatively straightforward. The only difficulty is the
Unique Fixpoint Induction rule whose soundness depends on the following Proposition,
a generalisation of Proposition 14, page 104 of [Mil89].

Propgosition 4.1 Suppose H is a sequence of terms of arbitrary type which only use
abstraction identifiers from X, and all occurrences of these identifiers are quarded. Lel
I and G be sequences of data-closed terms such that I ~; H[F/X] and G ~; H[G/X].
Then F ~; G.

Proof: Let
R={(C[F/X]p, C|G/X]p) | Id(C) C X,C[F/X],C[G/X] : process}.

First suppose R is a bisimulation. We show that it follows from this that F; ~; G for
each j. Let the type of X; be t; — ... — ¢ — process. We need to demonstrate that
for all v; € Val,, Fivi...vp ~; Gyuy... 05 Let C[ ] be the context Xz ...z, where z;
are fresh variables, and let p map z; to v;. Then C[F/X]pis Fjvy...v; and C[G/X]p is
ijl o Uk

So it remains to show that R is a (late) bisimulation. For this we shall show R is a
bisimulation up to ~; ([Mil89]). By symmetry it is enough to prove

CIF/X]p =%, U implies C[G/X]p —2; V with U ~ R~ V

For this we apply induction on why C[F/X]p —; U. Consider the possible cases for
C]-

e O = X;(e). Then C[F/X]p = Fep —=; U. Since F; ~; H;[F/X], we have
Hiep[F/X] —%; U’ ~; U. Since X; is guarded in H;, by Lemma 2.1 U’ is of the form
C'lF/X]p and Hiep|G/X] -2, C'[G/X]p. But C[G/X]|p = Gsep ~; Hiep|G/X],
so C[G/X]p =1V ~ C'[G/X]p. Hence U ~; R ~ V.

o (' | Cy. There are three cases.

— C[F/X])p=C[F/X]p | Co[F/X]p —2; U is because C1[F/X]|p —; U’ with
U=U"|CyF/X]p. By induction C1[G/X]p —=; V' with U’ ~; R ~; V.
Hence C[G/X]p —= V = V' | C4o|G/X]p, and U = U' | CL[F/X]p ~1 R ~;
V' CL[G/Xp=V.

— C[F/X]p —%; U is because Cy[F /X |p %, U' with U = C1[F/X]|p | U’. This
case is symmetric to the first case.

— C[F/X]p =, U is because C1[F/X]|p - F', Co[F/X]p -5, U’ and U =
F'v | U'. By induction C1[G/X]p HiNNED ColG/X]p %V with F'o ~
R~y Go, U~y R~ V' Then C[G/X]p —; G'v | V' and F'v | U' ~; R ~;
G'o | V.
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The other cases are similar. O

Proposition 4.2 (Soundness of t5) FE bi>T = U implies Tp ~. Up for any p |= b.

Proof: It is sufficient to show that each axiom in A is sound and each of the proof
rules preserves soundness. We concentrate on UFIL.

Suppose G ~; F[G/X]. Directly from the operational semantics we can check that
X ~; F[X/X] and so, since the declaration is guarded, we can immediately apply the
previous Proposition to conclude G ~; X. O

It is unrealistic to expect that the system is complete. FEven pure CCS, or our
language with a trivial one point message-domain, is Turing complete in the presence of
the parallel and restriction operators. However in [Mil84, Mil89, BK88] complete proof
systems are obtained for regular processes, where action prefixing and choice, 4, are the
only operators allowed in declarations. This leads to the following definition.

Definition 4.3 A declaration
D={X;<=F|1<i:<n}
is called regular if the only operators allowed in £} are
e action prefixing, c?x. _, cle. _and 7. _;
e choice, - + _;
e guards, b — _

It is called restricted regular if in addition every occurrence of an abstraction identifier X
is of the form X (¥) : process, such that each v; is either a variable or a data constant. A
term is called restricted regular if it can be used as part of a restricted regular definition.

O

Theorem 4.4 Let D be a restricted regular declaration and T, U are restricted reqular
terms in Tp. If Tp ~; Up for every p such that p = b, then P4 o> T = U. O

This completeness theorem is not true in general for arbitrary unguarded regular decla-
rations; a counter-example can be found in the conclusion. However the question is still
open for guarded regular declarations.

The remainder of the section is devoted to proving this result which follows closely
the corresponding result in [Mil84], but technically working at a symbolic level.

The first step in the completeness proof is to outline a series of transformations on
restricted regular processes which make them easier to handle. We may assume that
definitions, and therefore associated terms, are formed by applying prefixing, choice or
boolean guard to terms of the form X (7) or 0. Moreover all use of constants can be
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eliminated by introducing appropriate new abstraction identifiers with fewer parameters.
For example the declaration

Alz) <= clyax>y—cy A0) +y > — cy. Aly)
can be replaced by

Alx) <= clya>y—cdyB + y>ax—cy. Aly)
B < ¢y 0>y—cyB + y>0—cly.Aly)
without affecting the provability relation between the original terms; these are called

equivalent definitions, which is clarified below. The same technique may be used to
eliminate multiple occurrences of the same data
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Figure 7: Symbolic Operational Semantics

Definition 4.5 A restricted regular declaration { X;(z;) < T, | 1 < ¢ < n} is called
uniform if all the T; are of the same length and type. a

Propgosition 4.6 Every restricted reqular declaration can be transformed into a uniform
declaration.

Proof: By systematic application of the above transformations. a

So for the rest of this section we can assume that we are working with respect to
a uniform declaration, using a fixed sequence of variables zy,...z,. For terms with
respect to these kinds of definitions it is straightforward to develop a version of symbolic

semantics as defined in [HL95a, HLI5b], to which we refer



Proof: Following the lines in the proofs of Theorem 4.5 in [HL.95b] and Theorem
3.6 in [HL95a]. O

It can be seen from the above theorem that the free data variables appearing in
T ~% U is interpreted universally. This fact is stated in the following proposition which
can be easily proved using the theorem.

Proposition 4.9 T ~% U implies To ~% Uc for any data substitution o.

If T ~% U then the definition of symbolic bisimulation requires a boolean partition
for each symbolic transition from T or U. As there are only finite many such transitions
(modulo a-equivalence), it is possible to find a “uniform” partition which works for all
symbolic transitions from 7" or UU. Here we show a slightly weaker result: There exists
a “uniform” partition from all transitions from T or U which have the same type, as
this is sufficient for our purpose. Symbolic actions «, [ are of the same type, if either
a=p=r71,0r a == clx for some x, or a has the form cle and 4 has the form cle’.

Lemma 4.10 Suppose T' =3 ;. T;, U =35 8;.U;, where all a; and 3; are of the
same type and bv(a;) N bo(3;) N fo(b, T, U) = 0. Then T ~% U iff there exists a b-partition
B with fo(B) C fo(b, T,U) such that for each b € B the following hold

o Foreachic I thereisaje J st a; =" B; and T; N%l U;.

o For each j € J there is ani € I s.t. o; =" B; and T; ~Y U;.

Proof: Since T ~% U, for each i € I there exists a b-partition B; with fo(B;) C fu(T, U)
such that for each b; € B;, 35 a; =% 3; and T; N% U;; for each j € J there exists a b-
partition B! with fu(B%) C fv(b, T, U) such that for each ; € B!, Ji o =t 3, and T; ~%
U;.

Let D; denote the set of booleans { Aierb; | b; € B;}, Dy the corresponding set
{Njesbl | 0, € B; } and let B be the set {by Aby | by € Dy, by € Dy }. Then VB =
b, fu(B) C fu(b,T,U) and each b’ € B has the form (A:b;) A (A;0%) with b; € By, b € B.
For each ¢ € I b’ |=b; for some b; € B;, so thereisa j € Bl st o = B; and T; N%l U;.
For each j € J V' |= b for some b, € B}, so thereisani € B;s.t. o; =" 3, and T; ~Y U;.

O

Remark 4.11 The booleans in partition B in the above lemma can be made disjoint
as follows: Suppose B = {b; | 1 < i <n}. Set BB ={b |1 <1< n} withb =
bi A Nicj<i mb;. It is easy to check that \V B' =\ B, b; AV, = false for any 1 # j, and B’

enjoys the same property of B mentioned in the lemma.



Definition 4.12 A uniform declaration D = {X;(%;) <= T, }ics is standard if each T; has

the form
Z bzk — Z Oéikp.X

keK; pEP;



As an illustrative example let us apply this procedure to each of the definitions in
D" above. For convenience we ignore resulting definitions where the body is guarded by
the boolean false. The first definition Z;(y,x) remains essentially the same, giving rise
to

Xi{y,x) = e Xo(y,z)+ cly. Xq(y, x)

while the second, Z3(y,x), gives rise to:

Xoly,z) <= 2>2yAe>0— (da. X (z,y) +dl(x—1).0) +
- >0 — dla. Xq(2,y)+
x>y —0

For an arbitrary 7" € Tp with fo(T) C w, we can first eliminate any unguarded
identifier occurrences in T' by unfolding them, obtaining a term T” provably equal to T'.
We then add a definition Xy <= AwT” to D, and finally transform it to standard form.
O

We say two vectors of variables T = zqx9... 2, and @ = i} ... 2 differ at most

at a (possibly empty) set of variables V, if #; = 2} for any 1 < ¢ < n such that
z; & V. A standard declaration D = {Xi(7;) < Ti}ier, where T; = Ypcp, bin —
> very Qikp-Xg(ikp)(Tikp), is parameter-saturated if Ty, and Ty gy differ at most at
bv(auky) for every i, k, p.

Progosition 4.14 FEvery standard declaration D = {X;(z;) < T



Let bikjl = Cik A dﬂ A b” Since XZ(_



where 0 = [M2(b;; — X,(Z))/Zij|7, j]. If this can be done then by UFI-O we obtain the
required

FgluE bll > Xl(g) = Zn(?).
By Proposition 3.2, (1) is equivalent to

"%1 bij > bij — Xz(g) = Zcik A dﬂ A bij — (VT + ZVC! + ZVC?)(Q (2)

k,l c
Since \/k,l(cik A dﬂ) == (\/k Cik) A (\/l dﬂ) == true,

"%1 bij > bij — Xz(g) = Zcik A dﬂ A bij — T,
Wl

So (2), hence (1), will hold if we can show

5, i D bkt — T = 3 it — (VI + 3V 43 V0.

k.l k.l

Since both {e¢; | k} and {dj; | [} are sets of disjoint booleans, this reduces to: for
each k, [

1

Fg bikjl > T = (VT + Zvc! + Zvc?)e

which further reduces to

"%1 bikjl >T7=V"0 (3)
"%1 bikjl > TC! = VC!(Q (4)
"%1 bikjl > TC? = VC?(Q (5)
for each ¢ € Chan(Ty).
We first consider (5).
Now
Vo= ST — V. (6)
bleBc?

By the construction of Vj$?, for each (p,q) € I it holds that

!

X (i) Zirpita) ~7 Yoita) Zikpsta)-

By Proposition 4.9
Xg(ip (2) 0 Y1 ().
By the definition of b;;
b[Z/Zikpite) B bs(ik.p)atina)-
Hence

V' = by (i kp)a(iha) Zikpita [ Z)- (7)
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Therefore
Fp, 0> V570
= (> 2Lk Firpitg))0

(pa)€ly]

= > Az(bpimpetinn)FikpitalZ) = Xpinp) Fikpita))
(pa)ETs]

= Y V= 2 (b kpgiinn Firvita/Z] = Xpiw) Zikpsia)
(pa)ely

- Z b — clz. (b — bf(i,k,p)g(j,l,q)[Z’kpjlq/g] — Xf(i,k,p)(gikpjlq))
(pa)ETs]

) Z V' — 2.0 = Xy (Zirpiig))
(pa)€ly]

- Z b — C?Z.Xf(i7k7p)(§ikpjlq)
(pa)ETs]

= > Xy Firpite)-
(pa)ely

Since If is total T°" can be obtained by duplicating and reordering the summands of
the last line above, using 52, 53, S4. This means

F, U > Vi =T, (8)
Therefore
Fp, VO
SR ATl
( ) beBc’
3 ?
= Z b — T
bleBc?
= by — T,

Using Proposition 3.2 again we then obtain
'_%?1 bikjl >V = TC?,

which is the required (5) above. The proofs for (3) and (4) are similar.
This completes the proof of (1). In a symmetric way we can prove F5 5 o> Yi(Z) =Z
le(g). O

Theorem 4.16 (Completeness of FX) Let T, U € Tp, D a guarded declaration. Then
T ~5 U e2339 DN STATRI RTETAWPTIRIYTHo (5] T LI - 24 TI I YA AT AT SIS B RIGF171.3



Hence &



Theorem 5.3 (Soundness and completeness of ~p) T ~% U iff Tp



We argue as follows: we know

T = Z Oéikp-Xf(i,k,p)(gikpﬂfJ)

{ainp=clzlpeliy }

and we have (7) by the same argument as in the proof of Proposition 4.15. Hence

F5, Vo
= (> a2V = Zikpatirg Fikwia))0
O‘ikaC?Z bleBc?

(pa)ely

Yo i DV = (brnp)g(ing) Fikpita/Z rkp)s i) = Xikp) Fikpita))

Aipp=ctz b eBe!
(pa)Els)
) ! zZ
= Z Qi Z b — Xf(i,k,p)(zikpﬂq)
Aipp=ctz b eBe!
(pa)ely
= > ikp-(bikjt = Xp(i k) (Zikpitg))
Aipp=ctz

The last step of the above derivation uses the fact that I is total.
Similarly we can derive

Fo V0= > Buge DLV = Xk Fikpita)

ﬁ]lqEC?Z bleBc?
(p)€ly]

Now for each ¢ such that 3;;,, = c¢?z, we know that \/ B" = b;;;. Also by Remark 4.11
we may assume the booleans in B’ are mutual disjoint. And, finally, we know I is
surjective. So we can apply Proposition 5.4 to obtain

FB, bikii> Y Qi X ik (Fikpstg) =
Aipp=ctz
o Qitp Xpnp) Fikpit) + Bitg- D V' = Xprp) (Zikpitg)
Oz,‘kaC?Z bleBc?

(pa)ely

Repeating this process for each ¢ we obtain
'_g1 bikjl > VIC?(Q = VIC?(Q + VQC?(Q
Because z € fo(b;yji), from this (5) follows immediately:
FB, bkt > VIO = > kg (biejt = Xp(ikp)(Zikpitg)

agp=clz

= Y - Xy k) (Zikpitg)

Aipp=ctz
— Tc?
This completes the proof for the early version of Proposition 4.15, thus giving the

completeness result for the early case:
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Theorem 5.5












